General Disclaimer 


One or more of the Following Statements may affect this Document 


• This document has been reproduced from the best copy furnished by the 
organizational source. It is being released in the interest of making available as 
much information as possible. 


• This document may contain data, which exceeds the sheet parameters. It was 
furnished in this condition by the organizational source and is the best copy 
available. 


• This document may contain tone-on-tone or color graphs, charts and/or pictures, 
which have been reproduced in black and white. 


• This document is paginated as submitted by the original source. 


• Portions of this document are not fully legible due to the historical nature of some 
of the material. However, it is the best reproduction available from the original 
submission. 


Produced by the NASA Center for Aerospace Information (CASI) 





1 rV 


t 


NASA TECHNICAL MEMORANDUM 


NASA TM-77866 


STUDY OP MESHiriG OF BEVELED GEARS WITH NORMALLY 
DECREASING ARC TEETH 

F. L. Litvin and Go Kay 


(NAS A -TH- 77 86 6) STUDY OF HfSBING OF BEVELED NE5~2S2S3 

GEARS WITH NORMALLY DECREASING ARC TEETH 
(National Aeronautics and Space 

Administration) 28 p HC A03/8F A0 1 CSCL 131 Unclas 

G3/37 21567 


Translation of "Issledovanie zatsepleniya konicheskikh zubchatykh 
koles s normal' no por ‘ zhayushchimisya dugovymi zubtsami", Teoriya 
mashin i mekhanizmov, No. 92-93, Academy of Sciences of the USSR, 

Moscow, 1962, pp. 28-47 



NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
WASHINGTON, D.C. 20546 JUNE 1985 


STANDARD TITLE PAGE 
y» Roc Ip UntV CoNlog N# f | 


| t RipoM No* 

NASA TM- 77866 


2. Cow# msoorit Acc • H ten No. 


L THU «nrf VibiiiU STUDY OF MESHING OF BEVELED 
GEARS WITH NORMALLY DECREASING ARC 
TEETH 


7. Atitfioitil 

F. L. Litvin and Go Kay 


5, Ripoii D.t. 
June 1985 


I. P .Manning Oigonii.li.n Cod* 


J. P«M*mJng Oigonliatlon R.poH Ht, 


10. v«,h Unit Mo. 


V. Pttloxning 0<cuii icl.on Nemo end Addioit 

Leo Kanner Associates 
Redwood City, California 94063 


It. Connect •* Giont No. 

NR.qw- 4nnq. 


12. ^poniormg Agoney Homo on d Addfoil 

National Aeronautics and Space Admini- 
stration, Washington, D.C. 20546 


13. Typo of Roporf end PoNod C 


Translation 


W. Sponsoring Ag«ney Cod# 


13. ScppUr.intciy Non t 


Translation of " Issledovanie zatsepleniya konicheskikh zub- 
chatykh koles s normal' no ponizhayushchimisya dugovymi zub- 
tsami" , Teoriya mashin j. mekhanizmov, No. 92-93, Academy of 
Sciences of the USSR, Moscow, 1962, pp. 28-47 


1$. Attract 

The meshing of beveled gears is studied by two methods: the 

direct and inverse approaches. Gear wheels with teeth of 
equal height are studied, as well as wheels with normally- 
decreasing arc teeth. Different coordinate systems are 
utilized to plot the determining the rotation of the origi- 
nating gear wheel and the meshing line of the gear wheel 
being cut. Matrices are used to determine the equations of 
the originating surfaces and the unit vectors of the normals 
to these originating surfaces. A calculation example is 
also given. 


17. K«r Wotdc (Selected oy Author(i)) 


13. 


Distribution I'oNatnf 

Unclassified - Unlimited 


r 


IV. ttcunry Ct««*W. (of INI • roporO 

20. Stortiff Cloiilf, (of fht o pog*) 

21. No. of P«g«4 

22. 

Unclassified 

Unclassified 

25 




STUDY OF MESHING OF BEVELED GEARS WITH NORMALLY 
DECREASING ARC TEETH 

F. L. Litvin and Go Kay 


We know of two versions of beveled gears, cut on machine tools /28* 
of the Gleason type: a) with teeth of equal height; b) with teeth 

of normally decreasing height. 

The cutting scheme of the teeth of the former type of gear is 
based on meshing of the cut gear with a flat originating gear. 

The gear wheels, cut in this manner, are conjugate (the trans- 
mission of rotation takes place with a constant gear ratio) , the 
surfaces of the ieth have point contact with different radii of 
the cutting heads, and the working line on the surface of the tooth 
— the geometric point of contact of this surface — has a direc- 
tion perpendicular to the direction of the longitudinal line of the 
tooth [1] . 

The basis of the cutting scheme of gear wheels of the latter 
type is meshing of the cut gear wheel with a non-planar originating 
gear. The tooth surfaces of such gear wheels are not conjugate, 
and the transmission of rotation is accomplished with a variable 
gear ratio. The contact area is diagonal, since the working line 
on the side surface of the tooth of the gear wheel is not ortho- 
gonal to the longitudinal line of the tooth if the cutting of the 
teeth is carried out without special correction of the alignment. 

On the convex side of the gear wheel teeth , the working line begins 
at the tip of the inner part of the toothed ring and ends at the 
head of the outer part of the toothed ring. On the concave side 
of the teeth, the working line has an inverse nature. These char- 
acteristics of meshing are known in gear-cutting practice, and are 
examined in a number of studies [2,3]. 


*Numbers in the margin indicate pagination in the foreign text. 


The present study is devoted to the analytic study of meshing 
of gear wheels of the latter type, which are viewed as non-conjugate, 
for which we utilize the methods for solving direct and inverse 
problems, as set forth in the monograph of F. L. Litvin [1] , 

The authors obtained dependences which make it possible to 
achieve conjugation of the surfaces of the teeth with their contact 
at the midpoint. The results of the conducted study given below 
coincide with the experimental data which are well-known in the 
practice of gear cutting. The value of the utilized method of 
study consists, in the opinion of the authors, of the possibility 
of the objective evaluation of the utilized methods of correction 
of the adjustment of the machine tools and the determination of /29 

the optimal magnitude of the adjustment parameters being corrected, 
which ensure the absence of obliqueness of the contact and minimal 
error of the gear ratio of the gear wheels. This method of study 
becomes especially effective with the utilization of mathematical 
computers for the calculations. 

1. Direct and Inverse Problems of the Study of Gear Wheel Meshings 

Known during the solution of the direct problem are the schematic 
of the toothed mechanism, the absolute movements of both gear wheels 
and the surface of the teeth of one of the wheels; it is necessary to 
determine the surface of the teeth of the other wheel. 

Known during rhe solution of the inverse problem are the schem- 
atic of the toothed mechanism and the surfaces of the teeth of both 
wheels; it is necessary to find the law of movement in the form of 
a function which associates the positions of the gear wheels. At 
the same time, during the solution of this problem, in the case of 
point contact, one may find the working lines of the surfaces of 
the teeth of both wheels and the line of meshing. 

In the system of coordinates, associated with the originating 
gear, let the equations of both originating surfaces and e| , 
utilized for forming the surfaces of the teeth of the beveled gear 
wheels with arc teeth, be known: 
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r«, ft.). 

r«, -r„,(K;. ft 2 ). 


According to the method of solution of the direct problem, we 
will find the equations of the surfaces Zi and £2 of the teeth of 
the gear wheels, which envelop the originating surfaces, in uhe 
movable systems Si and S 2 : 


and 


Tj - r, («i. ftp ifi): 

«r.) = o 

r a r.j (« 3 , ft ; . t-j): 
/,(»;, 0;, if;) = 0. 


(n 


(2) 


In these equations, i|»i and i|> 2 are the angles of rotation of the 
originating wheels, and the functions fi and f 2 are the equations 
of association between the parameters for the points of the character- 
istic. With a fixed value of tpi (i-1,2), equations (1) and (2) are 
the equations of the lines of contact of the wheels being cut and the 
originating wheels in the systems Si and S 2 ? the locus of the points 

of the lines of contact form the surfaces of the teeth of the gear 
wheels in the systems Si and S 2 . 


In the next stage, which is solving the inverse problem, it is 
necessary to examine the meshing of the gear wheels with one another, 
and to find: a) the law of movement of the wheels? and b) the work- 
ing lines on the surfaces of the teeth of both gear wheels. 


In beveled toothed gearing, the wheels .1 and 2 execute rotary 
movements. Let rotation by an angle <r { be imparted to wheel 1 with 
its meshing with wheel 2 _. Then, the equations of the surface £i in 
the fixed system So are written in the form: /30 

,.u) = ft., (3) 

/,(«,.« i,'l’.)=0. 


As a result of rotation of wheel 1., wheel _2 rotates by an angle 
The suiface E 2 in the fixed system So is determined by the equa- 
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tions 


•f *»r «» («„ 

f.t (//-J, 0»i = 0. 


(•I) 


At the point of contact of the surfaces Ei and E 2 in the fixed 
system So/ they should have a common normal and 

e<» - Lf» , (8) 

where el 1 * and eo 2 * are the unit vectors of the normal to the sur- 
faces Ei and e 2 in the fixed system So. 

In order to determine the parameters ui , Oi, ipi, <fl , u 2 , ti 2 , ip 2 and 
( f'i , it is necessary to make use of the following system of equations: 


r.u> r(!>. 

1 U ~~ r U f 

"n) _ ~ic). 
=» Co , 

fi («i. #i. n>i) = o; 

fs (M-Ji 'I':) “ 0. 


( 6 ) 


In coordinate form, we will write the system of equations (6) 


as: 


-Mi — *0 * 

//">: .= off. 
?<•)■ = zp- 


o\\' 


- C- 
= & 
= 4:’; 


fi («t. 0:. i’l) = 0; 

[n (//.) (^ 2 * 4 *.) ” 


(7) 


In system (7), there are only seven independent equations, since 

+ (4?J a + l4?| s = 1 («’ = 1 -2). 

During the solution of the system of equations (7) , one of the 
parameters ipi or ip 2 may be considered fixed. If ipi is considered as 
given, then, as a result of the solution of the system of equations 
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(7), the desired parameters ui , 0i , <Pi , U 2 , 02, i> 2 t will be 
found. By substituting the obtained values of the parameters, with 
varous i|>i, into equations (1), (2) and (3) or (4), we will find the 

working lines and the meshing line on the surfaces Ex and Z 2 . 

The table of values of <P{ and , in the form of the function 
*P i =f ( <p 1 ) , represents the position function of the toothed gear 
mechanism being studied. After differentiation of the function <Pj! = 
f(<Pl), we obtain the function of the gear ratio 

/ , ~ ril (tp < j 


2. Coordinate Systems Used /31 

The originating wheel is associated with the coordinate 
systems 

</«,. z„ t tl x Pl , iji< t , 2 P , (Pig. 1—4); 

the system x , , y . , z . is an auxiliary system, utilized for pre- 
u u u 2 

liminary recording of the originating surface. Here and subse- 
quently, i-1,2, since two originating surfaces, which do not coin- 
cide with one another, are utilized for cutting of wheels 1 and 2. 

The cutting head is a set of 
blades of rectilinear profile 
with a profile angle a^, which 
form the originating beveled 
surface with their rotation 


around the axis x 

ui 


The coordinate system x , y , z (Fig. 2-4) is an auxiliary 

n i n i n i 

fixed coordinate system, in which the rotation of the originating 
wheel is prescribed. The plane x .=0 is parallel to the plane which 
is tangential to the bevel of the recesses of the gear wheel being 
cut. With cutting of the teeth, the originating wheel rotates around 
the axis x is the angle of rotation of the originating wheel) . 

The plane x n ^=0 is called the adjusting plane, and the product radius 
r. of the cutting head and the angle 3 . , formed by the tangent to 
the longitudinal profile at the midpoint M. with the axis z , are 

i Pi 

prescribed in it. 

The fixed system of coordinates xo, yo> zo is utilized for de- 
termining the meshing line of the wheels being cut. The axis OoZo 
coincides with the common generatrix of the initial bevels of the 
gear wheels; Oo is the point of intersection of the axes of both 

wheels. The system xo, yo, zq differs from x„ , , y„ , z in the ro- 

n i n i n ^ 

tation around y by an angle y^ of the shank of the teeth of the 

wheel being cut and in the displacement of Oo , relative to 0 , by /32 

n i 

Lsiny^; L is the average generatrix of the initial bevel of the 
wheels . 


The coordinate system x^, y^, z^ (k=l and 2) is associated with 
the wheel being cut (Fig. 3-6). Rotation of the wheel being cut is 
prescribed in the auxiliary fixed coordinate system x^, y bk' 2 bk 
(k=l and 2), the z^-axis of which coincides with the z k ~axis. 


3. Equations of Originating Surfaces 


In the system x , y , z , the originating surface is de- 
u i # u i u i 

termined by the following equations (Fig. 1): 


x U( = r, ctg a, — ut cos a,; 1 
y Uj = u t sin a t sin ft/; 
z U{ = «/ sin a/ cos ft/, J 


( 8 ) 


/33 


where u. , ft . 

i i 


are independent parameters of the originating surface. 
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( 12 ) 


x„, cjfictgai -«,cosai; 

Un { => U{ sin a t sin (0, — </i 4- '!'•) — h sin (71 — 

?n, *=» Vi sin a< cos (O t — 71 + t|' ( ) -|- h cos (71 — t 

c xn( »• sin 

^onj = cos «t sin (0| — 7i 4- tp ( ): . 

*i.», e= cos an cos (0, — 7 i 4- '|>i). 1 


(13) 


here, q i and b i are the mounting parameters of the cutting head. 


The matrix of transition from the system x , y , z to the 

iii 

system xo» yor zo is expressed thusly (Figs, 3 and 4): 


Mom 


MonjMn^tj n 


cos Ti stn r/ sin (7/ — '!>/) 
0 cos (q t — ijv) 

-jhsinr/ cost/ sin (7/ — 'lv) 

0 0 


^slnr/ cos (7/ — 'M 
— sin (7/ — t/) 
cos t / cos (7, — i|v) 
0 


F sin t / cos (7/ — i|v) i L, sin t / cos t / 
— sin (7/ — '!’/) 
bi cos Ti CCS (7/ - M + i sin 2 y, 

1 


(14) 


Utilizing matrix (14), we obtain the equations of the origi- 
nating surfaces and the unit vectors of the normals in the system 


x { 0 Pl 1 = ( r t clg *i — ui cos *i m L sin t /) [cos y ( ^ 
m sin on sin ti cos (0< — 71 — 4 i) -F h sin Ti cos (7i — %); 
i/‘ p| 1 <=■ u\ sin ai sin (fy — 71 ifi) — b, sin {71 — 

2^‘ 1 = ± (r f clg at — Mi cos an ± l sin Ti)sin ti + 

■f Ui sin ai cos ti cos (O t — 71 — tfO + b t cos Ti cos (71 — ^0 ; 
c l fj 1 e= sin on cos ti T cos an sin Ti cos (Oi — 71 + ifi); j 
<?j£' } <=• cos on sin (fy — 71 + ip), | 

e lPi 1 «s ± sin a ( sin ti + cos a, cos t< cos ( 0 | — 71 -j- ^|>i)- J 


(15) 


(16) 


In equations (14), (15) and (16), the upper sign is related to 

the case of cutting of the second wheel (i=2) , and the lower sign 
is related to cutting of the first wheel (i=l). 


/ 3 6 


Subsequently, we will also need the equations of the unit vec- 
tors of the normal to t.he theoretical originating surface, utilized 
for cutting of wheels with teeth of equal height, in the system x 0 / 
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yo, 2 o ♦ 


By substituting y^O into equation (16), wo obtain 


d? C3 sltia; 

c\p ira cos a sin (0 — q + t)! 
<?£’ e= cos a cos*(0 — 7 4* '!’)• 


(17) 


For the midpoint (J/=0 and =9O o ~0+q; therefore, for this point, the 
projection of the unit vector of the normal is determined by the 
equations 

“ sin a; | 

Cy*, «=> cos ot cos P’, | (18) 

d *. 1 a cos a sin p, j 

where a is the nominal angle of the profile of the cutter; 6 is the 
nominal angle of the spiral. 


4. Surfaces of Teoth of Gear Wheels with Normally Decreasing Arc 
Teeth 

The equations of the surfaces of the gear wheel teeth will be 
found by utilizing the method of solution of the direct problem. 


The equations of association between the parameters u 2 , 0z > 

<Pz for the points of the characteristic (lines of contact of the 

P 

originating surface and the surface being cut z 2 and s 2 ) ate 'Ob- 
tained by making use of the condition that the normal, at the point 
of contact of the surfaces of the teeth, should pass through the 
axis of meshing — the instantaneous axis of rotation in the rela- 
tive movement [1,4]. For our case, this axis is O 0 z 0 — the common 
generatrix of the axoids of the originating gear wheel and the gear 
wheel being cut. From Figure 3, it is evident that the axis of 
rotation of the originating wheel makes an angle with the axis of 
meshing on the machine tool which is equal to 90° — y 2 . Therefore, 
the axoid of the originating gear wheel is a cone, anci, according 
to the form of the axoid, the originating wheel is called beveled. 
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The axis of meshing Oozq in the system x n2 , y n2 , 
mined by the equations 


Yn, 

Lslnr»+ X„, 


d 0 ; 

= tg Tit 


( 19 ) 


z n2 is deter- 


where X „ , Y , Z are the coordinates of the current point of the 
n 2 n 2 n 2 

axis of meshing O 0 z 0 . 


The normal to the originating surface ( 12 ), which intersects 
the axis of meshing, is determined by the equations 

*n. __ — fgj ~~ jui ' ^20) 

e *n, e vn, e tn t 

Based on equations ( 12 ), ( 13 ), ( 19 ), we can use equation ( 20 ) / 3 7 

to find the following association between the parameters U2, fl 2 , 

|h s — (r... clg a s 4- L sin y,) cos a.j | sin (ft s — q s + 4 > 2 ) — 

— b 2 sin (q 2 — i)) 2 )sin a, + b 2 cos a 2 tgy 2 sin ft 2 = 0. (21) 


Having examined equations (8) and ( 12 ) together, we will de- 
termine the line of contact (characteristic) on the originating 
surface . 


In order to obtain the equations of the surface of the teeth 

of gear wheel 2 in the system X2 , y2, Z2, we will make use of the 

product of the matrices which expresses the transition 

from x , y , z to x 2 , y2, z 2 (Fig. 3 ), 

112 n 2 n 2 




COS Cp, COS 6(, t 

sin (pi 

cos (po sin 6b, 

L sin y 2 cos (p 2 cos 6b,' 

— slncps cos 6t,, 

COS (p 2 

— stn cp = sin 

— Lsin r 2 sin(p 2 cos6i,, 

— sin 6b, 

0 

cos 6b, 

Lsin Ya 

0 

0 

0 

1 


(22) 


Here, ^2 is the angle of rotation of wheel 2 around the axis O0Z0 
with its meshing with the originating wheel, with 


12 


<Pj C7 




co LT». 
sin ij ' 


For a direct transition from x , v , z to X 2 , y 2 , z 2 , 

U 2 U 2 U 2 

one must make use of the product of the matrices M 2 . M, M 5 

bj bjnj n2U2 

the matrix M n ^ u was represented earlier by expression (11). After 
transformations, we obtain 


where 


M aft, A 1 / 6,n, M n,u, 


a? 1 

bf 

J5) 

Cl 

L sin 7a a™ 4- b 2 c i 4 * 

Ca !> 

bf 

cP 

L sin 7a oi 2 ’ *f b a Cn !> 

a? 

bf 


L sin 72 03® 4- i a 4 !) 

0 

0 

0 

1 


( 23 ) 


a{ !) = cos <Pa cos fit,; 
ai s) — sin fp s cos At,; 
af = — sin A b| ; 

Z>{ !) t= sin (pa cos ( 7 — if.) — cos <p 2 sin 6 &, sin (7 8 — M , a)i 
( 4 S) = cos fpa cos (ft — if.) — sin (p 2 sin 6 ^ sin (q 2 — if.); 
bj 11 = cos At, sin (q s — if.); 

c}*’ == — sin (pa sin (7a — if.) + cos 9. sin b b , cos (72 — %); 

— — cos 9a sin (7. — if.) — sin 9» sin 6*,, cos (q 3 — t|> 8 ); 
4 2) *s cos \ cos (72 — if*). 


Based on equations (8), (23) and (21), the surface of the teeth 

of wheel 2 is determined by the equations: 


x s — (/- a ctg a 2 — K. cos a t L sin 7a) a[ 5> + iu sin a. sin i) s b\ :i 4. 
+ (m a sill «a cos Oa 4- b s ) c[ 51 ; 

//a = (r. ctg a 3 — u 2 cos <x s - 1 * i sin Ta) Wa S| 4 - <h sin a 2 sin 0 8 b!. v 4- 
4- (it, sin a» cos 0. 4- b 2 ) c 2 s> ; 

z 2 = (r 2 ctg « 2 — w 2 cos a 2 4- i sin 7.) aj 5t 4- “2 sin af» sin fta/4 21 4* 
4- (w s sin a. cos 4- b 2 ) cf*; 

[w 2 — ctg an 4- L sin 7a) cos «.J sin ( 0 2 — 7a 4 - 'I’a) 4 - 
4-6a(cosa2ig7asintf2 — sin a 2 sin ( 7 a — ifa)l = 0* 



/38 


Having used a similar means of derivation, the surface of the 
teeth of wheel 1 will be represented by the following equations: 
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Here 


.1 l« 

*• ‘ 


*.1^ " 
t V *\ 

* i. ,1-. * J) 


Xi = (r, dg<*i — ft cosaj — Lsin ft) at 0 f « t sin a t sin 0,6[ n + 
-f (Hi sin ai cos 0, -f bi) c‘ u ; 

y x es (rj dg ai — H t cos a, — L sin Ti) fl 2 ° + ft sin «j sin -f 
-h (ft sin «x cos Oi + b x ) 4 11 ; 

z x — (rj ctg ft — H t cos ai — L sin ft) flj 11 + M| sin a t sin + 
+ («| sin ocj cos Oi + b x ) cj 1 ’; 

I— Hi + (ft ctga, — L sin ft) cos a,| sin (0, — ft 4- ip,) + 

4- bi [cosaj tgyjsInOi + sin ft sin (ft — ipi)) « 0. 


(25) 


Ji> 


ft" «= cosqpicosflft,; 

=sin(piCos66,; 
aj u = sin a*,; 

b[ l) = -- sin <pi cos (ft — ■»!>*) — cos cpi sin 6$, sin (ft — ip,); 
b { 2 l) = cos (pi cos (<71 — tpi) — sin ft sin \ sin (ft — ipi); 
b { 3 u - cos 5 *. sin (ft — if),); 

c) 1 ’ = sin <pi sin (ft — ij>i) — cos ft sin 6*, cos (ft — ipi); 
c?* b= — cos <pi sin (ft — ipi) — sin <pi sin 6 b, cos (ft — ip]); 
= cos it,, cos (ft — ipi); 

COS Ti 

*Pi = 'Pi S | n 5, • 


5. Selection of Parameters of Cutting Heads and Adjustment Para- 
meters of Machine Tool 

The selection of the parameters of the cutting heads and pre- 
liminary adjustment of the machine tool obeys the condition that 
the surfaces of the teeth of the gear wheels, with their contact 
at the midpoint, should be conjugate, i . e . , with the transmission 
of rotation by the gear wheels, the instantaneous gear ratio will 
be equal to the prescribed ratio. 

For this purpose, it is necessary that both of the originating 
surfaces and the surfaces of the teeth of the gear wheels contact 
one another at the midpoint (i=l,2) (Figs. 3 and 4), which re- 
presents the point of intersection of the axes 0 z n > and Ooz 0 . 

The axis Oczo coincides with the common generatrix of the initial 
bevels of the beveled wheels, and with the absence of errors of 
the wheels, becomes their axis of rotation in relative movement. 


* mi 


/39 
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Contact of the originating surface and the surface of the teeth 
of the wheel being cut at the midpoint may be achieved by using 
adjustment of the generating chain of the machine tool. For this 
purpose, the gear ratio of the generating chain should be determined 
from the equation: 


/ 


p/k ~ 


MV 

Tk 


sin 6 / 
cosy/ 


(/"»!. 2, /< = !, 2). 


(26) 


What is more, if both of the originating surfaces contact one 
another at the point M. , then, as is not difficult to see, this 
condition determines simultaneously that the surfaces of the teeth 
of the gear wheols will also contact one another at M^. 

For this purpose, it is necessary that the radius-vectors and 
the unit vectors of the normals at the point are equal, i .e. , 

p(Pi) r(Pi)» 

*0 O’ 

(27) 

c ip,i _ e u>,) . 

Utilizing equations (15), (16) and (27) of the originating 

surfaces and the unit vectors of the normals in the system xo, Yo, 
z o, with <J> i =0, we obtain: 

(r ( ctg a t — ui cos »i — L sin Ti) cos Ti 4- u i sin sin Ti cos (Oj — qi) + ] 

■f bi sin t, cos q, = (r s clg a 2 — u 2 cos » 2 + L sin Ts) cos t 2 — 

— Un sin a 2 sin r 2 cos (0 2 — q s ) — b 2 sin cos q 2 ‘, 

n, sin aj sin (Oi — < 7 i) — b 2 sin qi ~ u., sin x. sin (ft 2 — q») —b« sin q 2 \ 

— (fi ctg a, — «! cos a t — Z, sin Tj) sin Ti -r«i sin a x cosyi cos (<h — q 2 ) -f 
-|- bi cos Ti cos qi = (r 2 ctg a 2 ~ « 2 cos » 2 + L sin Tu) sin + 

-1- u 2 sin ou cos Ta cos (0 2 — q 2 ) + b 2 cos ft cos q 2 , 

sin «i cos ft + cos sin ft cos (0! — q 2 ) = sin a 2 cos ft — 

— cos a 2 sin ft cos (0 2 — q 2 ) ; 

cos «x sin (th — q t ) — cos a 2 sin (fl s — q«)\ 

— sin ^ sin Ti 4- cos ax cos ft (“&i — ?i) = sin ct;. sin ft 4- 
4- cos a 2 cos ft cos (0 2 — q 2 ). 


( 28 ) 


(29) 


For the midpoint M.u.=r . /sina. , 

xii i 

tution of these values into equations 


r 0 


( P 2 ) 


0 . =90 °-3 . +q . • After substi- 

i 11 / v 

(28), one may see that r 0 ' pi - 


Having substituted the above into equations (29) , we obtain 


(30) 


sin a 3 cos ft — cos a 3 sin ft sin p 3 = sin ft cosft cos sin Ti sin pi ; 
cos ctj cos p 3 =•- cos a 3 cos p.: 

sin « 3 sin y 2 — cos a 2 cos ft sin (3 2 => — sin ft sin ft 4- cos a, cos Xt sinfJj. , 

Contained in system (30) are four unknowns : on, a 2 , Bi and 62 ; 

of the three equations of this system, however, only two are inde- 
pendent. 

We will obtain the missing equations for determining the un- 
knowns by utilizing the following conditions. 

1. We will require that, at the midpoint, there will occur /40 
simultaneous contact of the three originating surfaces: two prac- 

tical, utilized for cutting of the gear wheels using decreasing 
teeth, and one theoretical, utilized for cutting of wheels with 
teeth of equal height. For this purpose, proceeding from equations 
(18) and (30), we will obtain 


sin« 3 cosft — cos a 3 shift sinfl. = sinft cosft -f 
4- cos a, sin ft sin (3, = sina; 

cos a 3 cos p 2 = cos a, cos Pj = cos a cos P; 

sin a s sin ft -f-cosa 2 cosftsinp 3 — 

— — sin ft sin ft + cos a, cosft sin Px => cos a sin p. > 


( 31 ) 


In system (31), of the six equations, four are independent. 
After transformations, we will find the following four equations 
for determining a lf a 2 , 0 i and 0 2 : 


sin ft =5 cos ft sin « ± sin ft cos a sin P; 
cos a cos 3 


COS p t = 


cos at. 


(32) 

(33) 


Here and subsequently, the upper sign is related to the case 
of cutting of the second wehel (i= 2 ), and the lower sign — to the 
case of the first wheel (i=l) . 

It is necessary to note that, with the given selection of the 
parameters ai, a 2 , 0 i and 0 2 , the angle of meshing on the surface of 
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the teeth of the wheel being cut at the midpoint will bo equal to 
the nominal value of the angle of meshing, i.e. , 20 °. 


2. The second possibility of representation of the missing 
equations is based on the fact that the values of the angles a\ and 
a 2 are calculated according to the known approximate formula, used 
in gear-cutting practice 

4 o° 

i "j" sln P (^6 Ta 4- tg ft) “jp • (34) 


The angles 3i and 62 , after the determination of ou, should be 
calculated from the equations in (30). After transformations, we 
obtain 


sin Pi — 
sin p 2 — - 


stn at — sin 3|W c, 4 - Ti) . 
cos a ( sin (Ts — 7 i) 1 

sin 0 } cos (fa + 7O — sin ai 
cos a a sin (Ts — Ti) 


(35) 

(36) 


We would note that, in this case, the angle of meshing at the 
midpoint, strictly speaking, is no longer equal to 20 °. 

Calculation of the remaining parameters of the cutting heads and 
their setting is carried out according to the following formulas 
(Figs. 3 and 4 ) : 


n = r u T T L sin 7,1 g a,; 

(37) 

L cos f, — / 75 m 3/ 
Ctg Ql = r l cos 3, •> 

(38) 

r, cos p/ 

bl= .In,, ’ 

(39) 


where r u is the nominal radius of the cutting head; W is the set 
of the blades. 

In gear-cutting practice, the following approximate dependences / 41 
[ 3 , 2 ] have been utilized for the calculation of ^ before now: 


Pr "PTr/lfjacosp, 

p; =* p qr arc Lg (tg a cos p tgiv). 

The equations given in the present paragraph for determining 
the parameters of the cutting heads and the data for adjusting the 
machine tool are more precise than those presently used in gear- 
cutting practice, namely: 

a) in equation (38), the distance of the midpoint from the 

axis Ox is taken as Lcosy. , rather than L, as had been used until 
P i P i 1 

now [2,3]; b) new dependences are obtained, which associate «i, 02 , 

3i and p 2 . 

6. Determination of the Line of Meshing, the Working Lines on the 
Surfaces of the Teeth, the Position Function and the Gear Ratio 
of the Gear Wheels 

During the solution of this problem, as indicated in paragraph 
1, it is necessary to find the equations of the surfaces of the teeth 
of both gear wheels, and the projection of the unit vector of the 
normals to the surfaces in the fixed system xo, yo, zo- 

For this purpose, it is necessary to make use of the product 
of the matrices M <>k 2 M b 2 2 ' which expresses the transition from x 2 , 
y 2 , z 2 to xo, yo, z 0 (Fig. 5) . 




cos fio cos q> 2 — cos 5» sin <p 2 — sin 6 2 
sin tp 2 cos <r 2 0 

sin 6<j cos <p 2 — sin 6. sin (pi cos5 2 
0 0 0 



m 


For a direct transition from x„ , y„ , z„ to xo, yo, z 0 , one 

U 2 U 2 U 2 

should utilize the product of the matrices Mo u M? M, M . 

^ D 2 □ 2 l ^D 2 b 2 H 2 H 2 U 2 

The product of the matrices M 2 u M. „ M„ „ was represented earlier 

C D 2 D2ll2 I12U2 

by expression (23). After transformations, we obtain 
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where 


Mob t M t)fiMib t Ai t)^,M n,u, ^ 

A?> B? C} J) i sin Ts.-li 2 * + ^ 3 Ci 2> 
A? Df Cf tsinr^ + ^Cf 

/I a 2) . / 3 < a 2> C!, 5) L sin Ys^a 5 ’ 4 ^sCV*’ 
0 0 0 1 


m 


/1 (2) = cos 6 2 cos (rpj — <p 2 ) cos d b , -f- sin 6 3 sin d bt \ 

A i 21 = sin (tp« — <p 2 ) cos 5 b,; 

/lli 21 «= sin A a cos (tp|. — fp 2 ) cos it,, — cos 6, sin 5 *,; 

B{ 21 c= cos fi 2 cos (<p« — <p 2 ) sin do, sin (?. — i|> 2 ) — 

— cos 6j sin (cp 2 — (p 2 ) cos (q,, — if.) — sin 6 2 cos 5 ftl sin (q t — 1)> 2 ); 
Bl 2) «=sin (cp 2 — <p 2 ) sin do, sin (7. — if.) 4 cos (ip 2 — rp 2 ) cos (q t — i|> 2 ); 


B!, 2> = sin d a cos (<p 2 — fp 2 ) sin d b , sin {q* — if.) — 

— sin 6. sin (<|4 — (p 2 ) cos (q s —’if.) 4 cos A,, cos ft,,, sin (</» — if 2 ); 

C, = cos ft. cos (tp 2 — (p { ) sin d/,, cos (q« — if.) 4 

4 cos fl 2 sin (<pi — Ts) sin (7. — if.) — sin ft. cos fit, cos (7. — if.); 

Ci 2t a sin (cp 2 — fp 2 ) sin A(,,cos (r/ 2 — if.) — cos (cp 2 — <p 3 ) sin (7. — i|> 8 ); 
C? = sin ft 2 cos (<pa — <p») sin d bl cos (<f 2 — 'f 2 ) 4 

4- sin 6 2 sin (ip 2 — cp 2 ) sin (7. — if.) 4 cos fl 2 cos 6b, cos [q t — if.). 


/4 2 


Based on (8), (21), (41) and (10), (41), we obtain the equations 

of the surface of the teeth of wheel 2, and the projection of the 

( 2 ) 

unit vector of the normal e 0 in the system xo , yo, Zo 


ATn 1 = (r 2 dga 3 — u 2 cosa 2 -f Z.sinr 2 ) .ll 21 4 MjSin a 2 sin 0.,B[ 2> 4 
4 (u a sin a s cos 0. 4 b 2 ) Ci =} ; 

y ( n 2> = (r 2 ctga 2 — u 2 cosa 2 4 1 sin-fa) /H 2> 4 n.sln a 2 sin tf.fli 21 4 
4 (« 2 sina. cos tf. 4 b 2 ) £a 21 ; 

.z|, a) = (r 2 ctg of 2 — u 2 cos a s 4 L sin Ti) . 4 a 21 4 “2 sin a. sin ft.B 2 21 4 
4 (u» sin a 2 cos i!> 2 4 b 2 ) Ca 2) ; 

'[u 2 — (r 2 clg « 2 4 i sin Ta) cos a 2 ] sin ( 0 . — q 2 4 'f 2 ) 4 

4 6 2 [cosa 2 tgy 2 sin ti 2 — sin 4 sin (7 2 — if.)J = 0 ; 

e*? 1 = sin a. A i2) 4 cos a. sin 5 i 21 4 cos a. cos 0 2 C{ 2) ; 

Zy} — sin « 2 i 4 i 21 4 cos a 2 sin tt.£ 2 21 4 cos « 2 cos O.C 2 21 ; 

4 21 = sin a 2 i 4 ^ 2) 4 cos a 2 sin 0 2 2? 2 2) 4 cos a 2 cos , 


(42) 


( 43 ) 


One may similarly determine the surface of the teeth and the 
projection of the unit vector of the normal for wheel JL, which are 
expressed by the equations 


and 


x ( 0 l) •= (ri dg « t — Wi cos o-x — L sin rO Mj l) 4 u, sin a x sin OjflJ 1 * 4 i 
4 {«, sin a x cos 4 bi) C{ ,) ; 

!/o V — (r i ctg cos a x — L sin Ti) Mi 0 4 «i sin a, sin fyZJa 1 ’ 4 

+ (^sinoicos^, -6i)Cj u ; 

4 ° *= (r x dg a t — Ui cos a t — L sin yi) 4 «i sin a x sin 0 ^” > -j- 
4 - («j sin aj cos 0 t 4 b x ) Cj 11 ; 

[—«, + (rjdgai — L sinn) cos a,] sin (0, — ?, 4^)4 

4 6j(cosailgT i sintf J 4sina,sin(^i — ti)! =0 / 

$ = sin 4 cos a x sin tfjfli 11 4 cos cos J 

4V = sin aj/lj 11 4 cos a t sin 4 cos «i cos OjCa 1 ’; | (45) 

“ cin a.iAa l) 4 cos a t sin 0jj5i n 4 cos aj cos OiCi 11 ; j 


In these equations 


/43 


/l* 11 — cos cos (tpi — <pi) cos flo, 4 sin 5 j sin 6b, , 

/l.j U = — sin (tpi — fpi) cos 6/,,; 

/ 4 ),° = — sin 6 t cos (tpi — cpj) cos 6 ()1 4 cos sin 6b,; 

D\ l) — — cos 6, cos (tpi — rpi) sin i>o, sin (q t — tpi) 4 

4 cos 6i sin (tpi — <pi) cos (7, — tj>,) 4 sin 6, cos 5 *,, sin (71 — tpi); 

Bi l) = sin (tpi — <p,) sin 6 bl sin (71 — tpi) + cos ((p', — tpi) cos (7, — tpi); 

B a’= sin 6j cos (tpi — fp,) sin \ sin (7: — tpi) — 

— sin sin (rpi — tpx) cos (q x — rpj) 4 cos flj cos 6b, sin (71 — tpx); 
= — cos 6 X cos* (tpi — q>i) sin 6 fr , cos (71 — tpx) — 

— cos 6j sin (rpi — rpx) sin (71 — tpi) 4 s in &i cos 6b, cos (71 — ^1); 

Ci l, K= sin (tpi — ipO sin 5 bl cos (q t — tpi) — cos (tpi — tpi) sin (71 — ip t ); 

-Cj 1 ’ = sin 61 cos (tpi — rpj) sin 6*, cos (71 — tp x ) 4 

4 sin 61 sin (tpi — tp : ) sin (71 — tpi) 4 cos 6 t cos 6 6 , cos (7 t — tp^. 


In order to determine the point of contact of the surfaces of 
both wheels, it is necessary to make use of the system of equations 


y (I) _ v <2>. 

-*0 — *0 i 

rf » - iT; 
• 4 1) = 4 2) ; 
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Lx, 

C W 

L V> 


<= ex!', 


(— « J + ('i Ctg a, — L sin Ti) cos a,] sin (0, — <7i + 'I'i) + 
*J-/)x[cosa, tgrisInO, -f-slnajsln^x — 1|),)| «=> 0; 

I«3 — (fa ctg a *j + L sin Tj) COS a- 1 sin (G a — -J- i|? 9 ) •+• 

+ [cos a 2 tg t 3 sin 0. — sin a 3 sin {<73 — \J> 3 )) = 0. 


(- 16 ) 


Prom analytic geometry (5), it is common knowledge that the 
coefficients of formulas of transformation of rectangular coordinates 
are associated by the following equations; 


IflS 0 l , + |fi^l 8 + |flS n J a -»l; } 
ICTP+IC^+ICS"!"-!} ; 

Ap&P + Aif'B? -r ApBO* = 0; 
B[ {) C i fl + BfCf + ■= 0; 

CS fl i4{ /, + C|| n .4S n + CM fl “0 , 


or 

Mi n l a + IB! fl l a + [C^J a = 1; 
Ms'V + |fia°l 8 4- |Ca°l a = 1; 
(4 /, l a + lflS°l a + |C4°J* «= l; 

/l|% m +BW+cW = 0; ’ 
^/if+flW+CfCfo 0; 

+ ($*($* - 0. 

In these equations, 1=1,2. 


(47) 


(46) 


; ) 
(49) 


(50) 
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Proin equations (46), it is evident that 

K’> I s + I<>] -I- (z^M 2 = l ! + ( </< 2 > I s + izf I s (51) 


and 


W + H «» 


W + W + W- 


(52) 


By substituting expressions (42), (44) into (51), expressions 
(42), (43), (44), (45) into (52), and taking dependences (47), (48) 
into account, after transformations, we obtain 


(r* ctg a t — H| cob <Xi — L sin ft) 2 4 («j sin ft sin 0,)* 4 (M t sin a, cos 0, 4 = 

“ ('‘a c^S «j — «»cos« 3 4 Lsln Ta) s 4 (»jsln«, sin 0 a ) 3 4 

4 (m 2 sin a a cos 0 } 4 6 a ) 3 ; (53) 

sin <ft (ft ctg ft — Lsinft)4&j cos «, cos 6, *=» 
e= sin a 2 (r 2 ctg a a 4 L sin y.) 4 b 3 cos a., cos 0 3 . (64) 

In order to determine the parameters ui, Ox, (pi, u 2 , 0 2 , ip 2 , 
<Pi, utilizing dependences (53), (54) and (39), we will obtain the 

following system of equations: 


I— «1 4 (ft ctg ft — L sin n) cos a, ] sin (0, — g, 4 +,) 4 

4 t>i |cosa, IgTjSln Oj 4 sin a t sin {<7i — i|) t )| = 0; (a) 

slri <*1 (ft ctg ft — L sin ft) 4 b t cos ft cos 0, = 

’ = sin a 2 (ft ctg a 2 + £ sin ft) -f t*cosa a cosO a ; (lJ 

( Ti ctg «, — Mi cos a i — L sin ft) 3 4 (ft sin ft sin Oj) 3 4 
4 (Mj sin ftcosfli 4 6i) 3 => (ft clga 2 — M a cos# a + Lsin ft) 3 4 

-f- (m 2 sin a 2 sin 0 3 ) 3 -f (u 3 sin ft cos 0 2 4 £> a ) 2 ; (c) 

[m 2 — (ft ctg a a 4 L sin ft) cos ot s | sin (f> a — q 3 4 ip a ) + 

+ b 3 [cosa a tg ft sin 0 2 — sin ft sin(g a — tj> 2 )) = 0; (d) 

sin ai/it 1 * 4- cos ft sin Ojfll 11 4 cos ft cos 0,Cj° = 

= sin a a /li 2> 4 cos « 2 sin 0 2 fl; — cos a 2 cos O s C{ 2> ; ( e ) 

sin a l Aa ) 4 cos ft sin O,#" 1 4 cos ft cosO,Ca U = 

= sin a 2 /l£ 2> + cos ct 2 sin O a J 3 j 21 4 cos a s cos OXi 2 ’; (f) 
(ft ctg a, — Mj cos a! — Z. sin ft) -4 s' 4 Mi sin ft sin Ojfli 1 ’ 4 
4 (Mi sin a, cos Oi 4 bi) C 2 ° = ( r . ctg a 2 — u„ cos a 2 4 
4 L sin ft) - 4 2 2> 4 M 2 slna ! ,sin^^ 2 fl 2 2, 4 (».sina 2 cos 0 2 4 b 3 ) C* 21 , (g) , 


(55) 


where i)x is a fixed parameter, and ui, Ox, Cti-tD, u 2 , {( 2 , i|> 2 and 
((p 2 -(pi) are the desired parameters. 

The system of equations (55) is nonlinear, and it is necessary /45 
to utilize the method of sequential approximations for its solu- 
tion. With a fixed value of ipi, prescribing the value of , we will 
find ui and fl 2 from equations (55a) and (55b) , and then, knowing the 
values of ui , Ox and 0 2 , we will determine U 2 from (55c); by sub- 
stituting u 2 / ^2 into equation (55d) , we will obtain i) 2 Knowing 
f>i , i|»i, 1 ft 2 and ip 2 , and solving (55e) and (55f) together, we will 
find (‘Pi-'Pi) and ( <r- i -* C P 2 ) . If, with a fixed value of the obtained 

magnitudes of ui, Ox, 9i , u 2 , O 2 / 4 2 / 'll do not satisfy the calcu- 
lation process set forth above, then values of ui , Ox, (pi, u 2 , 0 2 , \ p 2f 
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TJ , which satisfy the system of equations in (55), will not yet bo 
found. 

By substituting the obtained values into equations (44), (24) 
and (25) , we will find the coordinates of the point of tho line of 
meshing, and the point of contact on the surfaces of tho teeth of 
wheels 1_ and 2 . 

By utilizing the obtained data of T i and 'Pi , one may compile 
the position function of the wheels: ‘Fi=f(‘Pl) in tabular form. 

Their instantaneous gear ratio may be determined by two means: 
a) differentiation of the position function; b) determination of 
the position of the instantaneous axis of rotation of the gear 
wheels. In the latter case, by utilizing the coordinates of the 
point of contact of the surfaces of the teeth in the fixed system 
So (coordinates of the point of the meshing line) and the projection 
of the unit vector of the normal at ;his very same point, it is 
necessary, by extending the normal, to determine the point M of 
intersection of the normal with the plane of the axes of the gear 
wheels. The line OoM, where O 0 is the point of intersection of 
the axes of the wheels, is the instantaneous axis of rotation of 
the wheels in relative movement. 

7. Calculation Example 

Examined herein is the case of cutting of gear wheels with a 
gear ratio i 1 2 =l, in which, as is common knowledge, the area of 
contact has a sharply-pronounced diagonal nature. The direction 
of the teeth on wheel 1^ is to the right, and on wheel 2 — to the 
left; the number of teeth Zi=Z 2 = 2 Q, the face modulus m s =10 mm, the 
nominal value of 0=35°, the angle of meshing a=20°, and the width of 
the ring B=4 0 mm. The nominal radius of the cutting head r u =152.4 
mm, and the set of the blades W=1.524 mm. The method of cutting of 
the teeth is one-sided. 

Utilizing geometric calculation of the ENIMS system [2] , and 
the calculation formulas for adjustment of the machine tool, set 
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forth in section 5, we will obtain the following values of the 
parameters of meshing of tho gear wheels, the cutting heads and 
the adjustment of the machine tool: 


Avorago generatrix L, mm 

Anglo of initial bevel 6^, dogroos 

Shank anglo dogroos 

Anglo of innor bevel 6^, dogroos 

Blado angle , dogroos . . . 

Anglo of spirul in roforonco piano J3j_, dogroos . . 

Generating radius r|, mm , 

Angular sotting qj., mm . . . 

Radial sotting bj, nun 

Goar ratio of generating chain i ^ . 


Whool l Whool 2 

121,4214 121,4214 

•IS 45 

4,125308 4,125303 

40,87400 40,87409 

14,02072 22,37028 

30,24503 33,78108 

155,0378 148,0431 

77,05435 72,50271 

120,0421 120,0173 

0,7080430 0,7089430 


With the utilization of the system of equations in (55) , the 
following results are obtained. 
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Anglo of rotation if>i of originating wheel Pi, °. 
Parameters of originating surface e\’: 

<h , degrees . . 

ui, mm 

Parameters of originating surface E^: 

Oj, degrees 

U2, mm 

Anglo of rotation 1^2 of originating wheel P 2 , °. 

Angle of rotation q>i of wheel 1, degrees . , . . 

Anglo of rotation qA of wheel 2, degrees . . . . 

Coordinates of point of meshing line, mm: 


Coordinates of point of contact of surface of 
teeth of wheel 1, mm: 

xi 

yi 

Zl 

Coordinates of point of contact on surface of 
tooth of wheel 2, mm: 

X2 

Y* 

z 2 


-5 0 H-5 


133,30 

130,81 

128,25 

517,24 

514,88 

512,45 

131,21 

128,72 

120,10 

302,21 

388,08 

385,08 

—5,05 

0 

5,014 

-7,353 

0 

— 

-7,28 

0 

— 

-2,0 

0,00 

2,7 

-0,1 

0,00 

0,2 

110,4 

121 ,42 

120,2 

-84,2 

-85,80 


4,7 

0,00 

— 

80,5 

85,80 


80,0 

85,86 



4,2 

0,00 


84,1 

85,80 

— 


Presented in Figure 7, a is the projection of the working line 
of the surface of the teeth of wheel 1^ on the plane xiOoZi, and in 
Figure 7,b — the projection of the working line of the surface of 
the teeth of wheel 2 on the plane X 20 oZ 2 » 

f 

S 

I 
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Fig. 7. Projections of working lines of surfaces 
of teeth of gear wheels 

The enumerated calculations and constructions (Fig. 7) indi- 
cate that, with the recommended method of calculation of the para- 
meters of the cutting heads and the adjustment of the machine tool, 
the working lines pass through the designated midpoints of the sur- 
faces of the teeth, but the contact area has a diagonal form, while /47 
the gear ratio of the wheels is not constant. The indicated de- 
fects may be decreased by correction of the adjustment of the 
machine tool, but this should be the subject of a special study. 
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